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Q I In this note we find a 6-dimensional /i-spaces of the [(21 . . . 1)(21 ... 1) ... (1 ... 1)] type 



and then determine quadratic first integrals of the geodesic equations of these /i-spaces. 



1 Introduction 



^ ' The aim of this paper is to investigate the 6-dimensional pseudo-Riemannian space V^{gij) 

' with signature [+H ]. In particular, we find a metrics of 6-dimensional /i-spaces of 

the [(21 . . . 1)(21 ... 1) ... (1 ... 1)] type and then determine quadratic first integrals of the 
geodesic equations of these /i-spaces. The metrics of /i-spaces of the [2211] type has been 
■ obtained by the author [Zl|. The general method of determining pseudo-Riemannian 

manifolds that admit some nonhomothetic projective group Gr has been developed by 
A.V.Aminova 0] and has got a detailed account in the paper by the author |Z2| for the 
^ ' /i-spaces of the type [51]. 



In order to find the /i-spaces admitting a nonhomothetic infinitesimal projective trans- 
formation, one needs to integrate the Eisenhart equation 

hij,k = '^9ij^,k + gik^,j + 9jk^,i, (1) 
which, in the skew-normal frames, is of the form [Q 



Xrttpq + eh{ahqThpr + <^phThqr) = dpr^qf + dqr^p'P {P, Q, r = I, ■ ■ ■ , u) , (2) 
h=l 

where 
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are the components of skew-normal frames, g.p.f. and the canonical forms of the 

i 

tensors Qpr, apg, respectively. For the type [(21 . . . 1)(21 ... 1) ... (1 ... 1)] /i-spaces these 
latter have the following form |P| 

6 

gijdx'dx^ = 2e2dx^dx^ + le^dx^dx'^ + ^ e^dx"'^, (3) 

o-=5 

6 

ttijdx^dx^ = 2e2\2dx^dx'^ + e2C?x^^ + 2ei\idx^ dx'^ + 64^3;^^ + ^ Co-Ao-cix'^^, 

o-=5 

(61=62,63=64), 6i = ±1, 

where Ai = A2, A3 = A4, A5, Ae are real functions, which may coincide. These functions 
are roots of the characteristic equation det(/ijj — Xgij) = 0. 



2 The metrics of the /i-spaces of the [22(11)] type 

Substituting the canonical forms 'g^^ and Hpq from (|3|) into (^ and taking into account 
that for the type [22(11)] /i-spaces A5 = Ae, 1 = 2, 2 = 1, 3 = 4, 4 = 3, 5 = 5, 6 = 6, one 
gets the following system of equations 

Xr\2 = (r 2), XrXi = (r ^ 4), Xr\ = 0, (4) 

X2(A2 -(/?)= X4(A4 - y?) = 0, 7121 = e2X2(/), 7343 = e4^4(/', 

62X4^? 62X499 64X2V' 

7142 — 7241 — T 7242 = — TT rT9 ' 7324 = 7423 



A2 — A4 yA2 — M) A4 — A2 

64X293 64X293 6o-Xs99 
7424 — — TT rT9' 7244 — TT T^' 7scr(7 



(A4-A2)2' (A2-A4)2' (A, -A.)' 

where a = 5, 6, s = 2, 4, 756r are arbitrary. All others 7pgr are equal to zero. 
The system of linear partial differential equations 

XgO = CdiO = 0, (g = 1, . . . , m, i = 1, . . . , 6), 

<? 

where are the components of skew-normal frames, is completely integrable if and only 

q 

if the following conditions are fulfilled (see [Q and [Q) 

6 

{Xq,Xr)9 = XqXrO — XrXqO = ^ ep{'ypqr — '^prq)Xp. (5) 

p=l 

Using formulas ^ and (|5|), one can write down the commutators of the operators Xi 
(i = 1, . . . , 6) in the /i-spaces under consideration, 

(Xi,X2) = -617121X2, (Xi,X3) = 0, (X2,X3) = 647423X3, 



(Xi,X4) = -627241^1, (^3,^4) = -e37343-'^4, (6) 
{X2,X4) = -627242-^^1 " ei7l42-'^2 + 647424-^^3 + 637324-^^4, 

{X^,Xq) = -657565-^^5 + e67656-'^6, 

where p = 1, 3, g = 2, 4, u, r = 5, 6 (cr 7^ r). 

After coordinate transformation x*' = 9^{x), where 0* are solutions of the completely 
integrable systems from @, one gets 

e = Pp{x)5,\ e = t = i'' = e = e = e = e = o, (?) 

p 222444CT 

where a = 1, 2, 3, 4. 

Now integrating the system of equations (|6|) with using (^) and (|7|), one can find the 
components of skew- normal frames. Using these results and the formulas @ 
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^ehCi\ ii = giji^, aij = ^ Cheiahiiiij (8) 
h=i h h f^ i^-^ h I 

we can calculate the components of tensors gij and aij. Then we come to the following 

Theorem 1. If a symmetric tensor hij of the characteristics [22(11)] and a function (p 
satisfy in V^{gij) equation (|l|), then there exists a holonomic coordinate system so that 
the function ip and the tensors gij, hij are defined by the formulas 

g^jdx'dx^ = 62A(/4 - /2){(/4 - f2)dx^dx'' - A{dx''f)}+ (9) 

64-4(72 - /4){(/2 - f4)dx'dx^ - A{dx^f} + F^r{f2 - Xfifi - Xf dx'' dx\ 

Uijdx^dx^ = f2gi^j^dx^^ dx^^ + Agi2{dx'^)'^ + f ^^gi^j^dx'''^ dx^"^ + Ag^4^{dx'^)'^ + Xgardx'^dx'^ , 

(10) 

hij = aij + 2ipgij , 299 = 2/2 + 2/4 + 0, (11) 

A = ex^ + 9{x'^), A = ex^ + uj{x^), (12) 

where e, e = 0, 1, /2 = ex'^, f^ = ex^ + a, X, c and a are some constants, a ^ when e = 0, 
Fa-rix^ ,x^),9{x'^),io{x'^) are arbitrary functions, 9^0 when e = 0, to ^ when i = 0, 
ii,ji = 1,2, 12,32 =3,4, cj,r = 5,6, 62,64 = ±1. 
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3 The metrics of the /i-spaces of the [2(21)1], 
[2(211)] types 

Substituting the canonical forms and Upg from (|3|) into (||) and taking into account 
that for the type [2(21)1] /i-spaces A4 = A5, one gets the fohowing system of equations 

XrX2 = 0{r^ 2), Xr\5 = 0, XrXe = (r / 6), (13) 

X2{X2 - = Xq{\q - (^) = 0, 7121 = €2X2(1), 

e2XQ(p e2XQ(f e^Xs^p 

7162 — 7261 — T 7262 — "TT T-ySi 73s4 — 74s3 — T T", 

A2 — Ag {A2 — Aej As — As 

e^Xs^p e„X2P e^X^Lf 

74s4 — — TT rT9' 72cr(7 — TT TT' 7565 



(A5-A,)2' '^'^'^ (A2-A.)' As-Ae' 
where a = 5, 6, s = 2, 6, 745^ are arbitrary, all others jpgr are equal to zero. 

The commutators of the operators Xi {i = 1, ... ,6) in the /i-spaces of the [2(21)1] 
type have the form 

(Xl,X2) = -617121^2, iXi,X3)=0, (X2,X3) =647423^3, (14) 

(^1,^4) = -657541X5, (Xi,X5) = -647451X3, (Xi,X6) = -627261-^^1, 
(^2,^4) = 637324X4 + 647424X3 - 657542X5, (X2, X5) = 657525X5 - 647425X3, 
(X2, Xg) = -627262X1 - 617162X2 + 667626-^^6, (-^^3,-^^4) = -657543-^^5, 
(^3,-^5) = -647453-^^3, (-^^3,-^^6) = -647463-^^3, (-^^4, X5) = -647454X3 + 657545X5, 
(X4, X6) = -637364X4 - 647464X3 + 657545X5, (X5, Xe) = 647455X3 - 657565X5. 

The systems X^O = {i ^ 2), XjO = (j / 4), XkO = (A; / 6) are completely integrable 
and have the following solutions: 9"^, 9'^, 6^. The systems X36I = X46' = X56I = X66I = 0, 
X16' = X26' = X36' = X66I = and X16' = X26I = X66' = are completely integrable 
too. The first system has the solutions 9"^ and 9"^, the second system has the solutions 9'^ 
and 9^ , the third system has the solutions 9^, 9* and 9^. After coordinate transformation 
j;*' = 9^{x), one gets 

e = Pp{x)Sp\ e' = e« = e^ = e^ = o, (15) 

P 2 4 5 5 

where p = 1, 2, 3, s = 3, 4, 5, 6, q = 1, 2, 6. 
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Now integrating the system of equations (|T^ with using ( [l3| ) and (p^), and then 
calculating the components of tensors gij and aij we come to the following results 

gijdx'dx^ = e2{2(/6 - f2)Adx^dx^ - A^{dx^f}+ (16) 

(/6 - A)(/2 - Xf{2eidx^dx^ - e4(S + u:){dx^f + e^idx'-f] + eeC/a - kfidx^'f, 

aijdx'dx^ = f2gi^j^dx'-^ dx^^ + guidx'^f + Xgt^j^dx'^ dx^'^ + g34{dx'^f + Ugaeidx^f, (17) 

hij = aij + {2f2 + ffi + c)gij, f = f2 + ^f6 + c, (18) 

^ = exi+e(:E2), s = 2(/2 - A)-i + (/6 - A)-\ (19) 

where e = 0, 1, /2 = ex^, A and c are some constants, 6{x'^),io{x'^,x^), feix^) are arbitrary 
function, 6^0 when e = 0, ii, ji = 1, 2, ^2; J2 = 3, 4, 5, 62, 64, 65, eg = ±1. 
After same computations for /i-spaces of the [2(211)] type, we obtain 

gijdx'dx^ = 2e2Adx^dx^ + (/2 - \f {2eAdx^ dx'^ - e4(S + u)){dx^f + ^^^^daj'^dx^}, (20) 

Qijdx^dx^ = 2f2gi2dx^dx^ + gi2{dx'^)'^ + Xgpqdx^dx'^ + fi'34((ix'^)^, (21) 

/ijj = + (2/2 + c)gij, ip = f2 + c, (22) 

A = ex^ + 9{x^), S = 2(/2-A)-\ (23) 

where e = 0, 1, /2 = ex^. A, c are some constants, 9{x'^),LL!{x^,x^,x^),go-Tix^,x^,x^) are 
arbitrary function, 6* 7^ when e = 0, p, g = 3, 4, 5, 6, cr, r = 5, 6, 62, 64 = ±1. 
Let us formulate these results in following theorem. 

Theorem 2. // a symmetric tensor hij of the characteristics [2(21)1], [2(211)] and a 
function ip satisfy in V^{gij) the Eisenhart equation, then there exists a holonomic co- 
ordinate system so that the function ip and the tensors gij, hij are defined by formulas 

4 The metrics of the /i-spaces of the [(22)11], 
[(221)1] types 

For the /i-spaces of the [(22)11] type from (|2|), we get the following system of equations 

XrX4 = 0, XrXa = (r / a), X^{Xa -ip)=0, 
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lUr = 723r, 71ct2 = 72(t1 = T , l3a4 = ^4<t3 = T 7—, [^V 

A4 — Au A4 — Act 

^'"^ ~ (A4 - A,)2 ' - A, - a/"" ^ 

where cr, r = 5, 6, s = 2, 4, 724^ are arbitrary, while all others 7^^^ are equal to zero. 

In this case the system of equations in components of skew-normal frames has the 

i 

form 

1 2 2 1 3 3 4 

2° ^-da^P - ^-da^P = ^4,3^/? _ ^14,^/?, 
13 3 1 3 1 

1 4 4 1 2 3 1 
4° ed,e = \jf^^ije-l41af, 

2 3 3 2 1 4 3 

6° e^a^^" = -7413^^ 

3 2 4 

8° r^.e'' = I A^rc'' - ^p^e'^^'' - 741.^'' - 742.^^ 

a 2 ^^^"(72 '^^^ J"! a 1 4 3 

9° r^a?^ - r^a?^ = -7143?^ + 7l44^^ - 7243^^^, 
3 4 4 3 2 1 1 

10° p,|/3= l^|Y-7l4af, 

11° ed^e = ^^re^ - 5 7a4t^"^^ - ^14.^^ - ^24.^^' 
(T 4 •''^o- 4 '■'^ CT 3 2 1 

12° = 0, 



1 

where a, /? = 1, 2, 3, 4, p = 1, 3, g = 2, 4, a, r = 5, 6, = Pa{x)5j , C« = T = 0. 

<T pa 

Integrating 12° and 13°, after coordinate transformation x^,x^ one gets 



■1/2 



Differentiating = e^^"'^^ with respect to x^, with using 1° — 3° and 5° — 7°, one 

h=l h h 

gets dpg°'/^ = 0. Differentiating g°'l^ with respect to x"^, from equations 4°, 8°, 10°, 11°, 



one obtains 



where p,r = 1,3. Integrating this equations, one gets 

gP^ = n^iU - A)-^(Si + FP^), gPi = U,{U - Xy^PPi, 
where F^'^^F^'^ are functions of the variables x'^,x*. 



After same calculations for the /i-spaces of the [(221)1] type one obtains 

gijdx'dx^ = U^ifa - X){2gi2dx^dx'^ - 62(^1 + ei){dx'^f+ (25) 
2gudx^dx^ - e4(Si + e2){dx^f + + ^ e^r - U){dx'')\ 

cr 

aijdx'dx^ = X{gstdx'dx' + G) + gu^dx^ + ga^idx^f + ^ Ugaaidx'^f + G, (26) 

cr 

hij = aij + iJ2f^ + ^)9ij , ^ = -Y^\^^''^^- ^'^^^ 

u a 

Si = E(/--^r'' (28) 

cr 

G = 2e5{l + 9;{f - \)}dxUx'' + (/ - A)<755(rfx5)' + 66(^x^)2, (29) 

where A,c are some constants. Here for the /i-spaces of the [(22)11] type r, o" = 5,6 
(r 7^ fj), s,t = 1,2,3,4, G = 0, gst,di,(^2 are functions of the variables x^,^^, fa- are 
functions of the variable x'^. For the /i-spaces of the [(221)1] type a = 6, s, t = 1, 2, 3, 4, 5, 
9st, Gi,02, 03 are functions of the variables x^, x*^, x^, /g is a function of the variable x^. 

Theorem 3. // a symmetric tensor hij of the characteristics [(22)11], [(221)1] and a 
function ip satisfy in V^{gij) the Eisenhart equation, then there exists a holonomic co- 
ordinate system so that the function ip and the tensors gij, hij are defined by formulas 

(ED-dH). 

5 The metrics of the /i-spaces of the [(2211)], [(22)(11)] 
and [(21)(21)] types 

In this cases, the function (p is constant, therefore, from (|^) the tensor hij is covariant 
constant. We skip further calculations that are just integration of the equations with 
respect to i^-* combined with some proper chosen coordinate transformations. The result 

i 

reads 

for the /i-spaces of the [(2211)] type 

gijdx^dx^ = 2gi2dx^ dx^ — e26{dx'^)'^ + 2g34^dx^dx^ + grqdx^dx'^, (30) 

Qijdx^dx^ = Xgijdx^dx^ + guidx'^)'^, (31) 
hij = Oij -\~ cgij , (32) 
7 



where r,q = 5,6, A, c are some constants, 0, gi2, 934, 9rq are functions of the variables 



X2 /yj5 /yi6 



for the /i-spaces of the [(22)(11)] type 

Qijdx'dx^ = e2{2dx^dx^ - e{dx^ f} + ei{2dx^dx^ - ij{dx'^ f} + g^rdx^dx'', (33) 

ttijdx'^dx^ = Xi{gi^j-^dx^^ dx^^ + e2{dx^)'^ + gi^j^dx'"'^ dx^"^ + e4((ix'^)^} + X2gcrTdx'^dx'^ , (34) 

/jjj = + ci^jj, (35) 

where 9,uj are functions of the variables functions of the variables , , 

Ai, A2,c are some constants, here Ai ^ A2, = 1,2, ^2)^2 = 3,4, a,T = 5,6, 
for the /i-spaces of the [(21) (21)] type 

gijdx'dx^ = e2{2dxUx'^ - 9{dx'^f} + esidx^)'^ + e5{2dx^dx^ - uj{dx^f} + eeidx^f , (36) 

aijdx^dx^ = Xigi^j^dx^^ dx^^ + e2((ix^)^ + \2gi2j2dx^^ dx^^ + e5(dx^)^, (37) 

hij = Uij + cgij, (38) 

where is a function of the variables x^, x^, a; is a function of the variables x^, x^, Ai, A2, c 
are some constants, Ai 7^ A2, = 1,2,3, 22,^2 = 4,5,6. 
Now we have the following theorem. 

Theorem 4. If a symmetric tensor hij of the characteristics [(2211)], [(22)(11)], [(21)(21)] 
and a function ip satisfy in V^{gij) equation then there exists a holonomic coordinate 
system so that the function tp and the tensors gij, hij are defined hy formulas (|30|)-(^8|). 

6 Quadratic first integrals of the geodesic 

equation of the /i-spaces of the [(21 . . . 1)(21 ... 1) ... (1 ... 1) 

type 

For every solution hij of equation (||) there is a quadratic first integral of the geodesic 



equations (see [Q, [Z2|) 

{hij — 4:ipgij)x^x^ = const, (39) 
where x* is the tangent vector to the geodesic. 

8 



Therefore, the quadratic first integrals of the geodesic equations of the /i-spaces of the 
[(21 . . . 1)(21 ... 1) ... (1 ... 1)] type are determined by formula (^9|), where the tensors hij, 
Qij and the function ip are obtained in Theorems 1-4. 

I am grateful to professor A.V.Aminova for constant attention to this work and for 
useful discussions. The research was partially supported by the RFBR grant 01-02-17682-a 
and by the INTAS grant 00-00334. 
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